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$M$ moduli $S^{3}G$ infinitesimally pre-symplectic
equivariant Chern-Simons
Mickelsson .






$\Sigma$ $G=SU(N),$ $N\geq 2$ , $C^{\infty}$ $Po\in\Sigma$
$1\in G$ $\Sigma G$ :




2 $D$ . $f\in DG$ $\partial D=S^{1}$ $Po$ $1\in G$
. $DGxS^{1}$ .
$(g_{1}, z_{1})*(g_{2}, z_{2})=(g_{1}g_{2}, z_{1}z_{2}c(g_{1}, g_{2}))$ , for $g_{1},$ $g_{2}\in DG$ , $z_{1},$
$z_{2}\in S^{1}(1)$
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$D_{0}G=\{f\in D^{2}G : f|S^{1}=1\}$
. $D_{0}G$ $DGxS^{1}$ .
$\bullet$ $S^{3}G\ni f$
deg $F= \frac{1}{24\pi^{2}}\int_{S^{3}}tr(dFF^{-1})^{3}$ . (3)
. $\pi_{3}(G)=Z$ .
$\pi_{2}(G)=1$ $\forall g\in S^{2}G$ $S^{2}$ 3 $B^{3}$ $\tilde{g}\in B^{3}G$
. $g\in S^{2}G$ $B^{3}$ $\tilde{g}\in B^{3}G$
$C_{3}(g)= \frac{1}{24\pi^{2}}\int_{B^{3}}tr(d\tilde{g}\tilde{g}^{-1})^{3}$. (4)




$\wedge g$ $h\in S^{3}G$
$\frac{1}{24\pi^{2}}\int_{B^{3}}tr(d\tilde{g}\tilde{g}^{-1})^{3}-\frac{1}{24\pi^{2}}\int_{B^{3}},$ $tr(d^{\wedge 1}g\overline{g})^{3}=\deg h$
$C_{3}(g)$ $Z$ $B^{3}$ .
exp $2\pi iC_{3}(g),$ $g\in S^{2}G$ , well defined.
$\bullet$ $D’$ $D$ $S^{1}$ disc $;D \bigcup_{S^{1}}D’=S^{2}$ .
$f\in DG$ $f’\in D’G$ ; $f|S^{1}=f’|(-S^{1})$ , $f$ $f’$
$f\vee f’\in S^{2}G$
.
$f\in D_{0}G$ $D’$ $1\in G$ :
$f\vee 1’\in S^{2}G$ .
Do $G$ $DG\cross S^{1}$
$\phi:D_{0}G\ni farrow$ ( $f$ , exp $2\pi iC_{3}(f\vee 1’)$ ) $\in\phi(D_{0}G)$ (5)
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.
$\phi(D_{0}G)$ $DG\cross S^{1}$ .
$(g,z)*(f,\exp 2\pi iC_{3}(f\vee 1’))*(g, z)^{-1}$ $=$
($gfg^{-1}$ , exp $2\pi iC_{3}(f\vee 1’)c(g, f)c(gf,g^{-1})$ $=$ ($gfg^{-1}$ , exp $2\pi iC_{3}((gfg^{-1})\vee 1’)$
$C_{3}(f\vee 1’)+c(g, f)+c(gf,g^{-1})=C_{3}((gfg^{-1}\vee 1’))$ (6)
.
$\bullet$ $\pi_{1}(G)=1$ $S^{1}G\ni f$ $D$ smooth .
$S^{1}G=DG/D_{0}$G. (7)
$S^{1}$ $DG\cross S^{1}$ $(g, e^{i\theta}),$ $g\in DG$ , .
$DG\cross S^{1}$ Do $G$ $S^{1}G$ $S^{1}$ :
$1arrow S^{1}arrow DG\cross S^{1}/D_{0}Garrow^{\pi}S^{1}Garrow 1$
.
$\bullet$ Lie $S^{1}G=Map\underline{(S^{1}}$ , Lie $G$) .
$S^{1}G$ $S^{1}G=DG\cross S^{1}/D_{0}G$ cocycle $c(f, g)$
Lie $\overline{S^{1}G}$ ei cocycle
$c( \xi,\eta)=\frac{i}{2\pi}\int_{D}Tr(d\xi d\eta)=\frac{i}{2\pi}\int_{S^{1}}Tr(\xi d\eta)$ (8)
.









$(g_{1}, z_{1})\sim(g_{2}, z_{2})\Leftrightarrow\{\begin{array}{ll}g_{2} =hg_{1} for a h\in D_{0}Gz_{2} =z_{1}\exp 2\pi i(\frac{1}{8\pi}r\int_{D}\gamma(g_{1}, h)+C_{3}(h\vee 1’))\end{array}$
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$\overline{S^{1}G}$ transition function





$\omega_{9}(\xi,\eta)=\frac{1}{2\pi}\int_{D}Tr(d\xi d\eta)=\frac{1}{2\pi}\int_{S^{1}}Tr(\xi d\eta)$ (13)
Lie $S^{1}$ G. cocycle $c(\xi, \eta)$ $i\omega(\xi, \eta)$ .
1.4 dual
$\bullet$ $S^{2}G$ $Po$ pointed $(f(p_{0})=1)$ $G$ . $S^{2}G\cross S^{1}$
$(g_{1}, z_{1})*(g_{2}, z_{2})$ $=$ $(g_{1}g_{2}, z_{1}z_{2}c_{0}(g_{1)}g_{2}))$ , for $g_{1},$ $g_{2}\in S^{2}G$ , $z_{1},$ $z_{2}\in S^{1}$ ,
$c_{0}(g_{1},g_{2})$ $=$ exp $\frac{i}{4\pi}\int_{S^{2}}Tr(dg_{29_{2}^{-1}}g_{1}^{-1}dg_{1})$ . (14)
$S^{2}G\cross S^{1}$ .
{ $(g)$ exp $2\pi iC_{3}(g))\in S^{2}G\cross S^{1}|g\in S^{2}G$ }.
. (6)
$c_{0}(f,g)+c_{0}(fg, f^{-1})+C_{3}(g)=C_{3}(fgf^{-1})$ . (15)
( $S^{1}$
) . $D$ $S^{1}$ $S^{2}$
$0$ $S^{1}$ . identity $f\in S^{2}G$
: $S_{0}^{2}G$ $S^{2}G$ : $\phi G=S^{2}G/S^{2}G=$ .
$\phi G=S^{2}G\cross S^{1}/S^{2}G$ $\phi G$ $S^{1}$ . $g_{1},$ $g_{2}\in$
$S^{2}G,$ $z_{1},$ $z_{2}\in S^{1}$
$(g_{1}, z_{1})\sim(g_{2}, z_{2})\Leftrightarrow z_{2}=z_{1}$ exp $2 \pi i(\frac{1}{8\pi^{2}}\int_{S^{2}}\gamma(g_{1}, g_{2}g_{1}^{-1})+C_{3}(g_{2}g_{1}^{-1}))$
(16)
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$\chi_{S^{2}}(91,g_{2})=\exp 2\pi i(\frac{1}{8\pi^{2}}\int_{S^{2}}\gamma(g_{1}, g_{2}g_{1}^{-1})+C_{3}(g_{29_{1}^{-1}}))$
transition function ((10) ). :
$\overline{\phi G}\simeq S^{1}$ .
$\overline{\phi G}\ni[g, z]arrow z$ exp $2\pi iC_{3}(g)\in S^{1}$ . (17)
(15) .
$\bullet$ 1.1 $D’G\cross S^{1}$




$f’\in D_{0}’G$ $1\in DG$ .
$1\vee f’\in S^{2}G$ .
$D_{0}’G$ $D’G\cross S^{1}$
$\phi’$ : $D_{0}’G\ni f’arrow(f’, \exp 2\pi iC_{3}(1\vee f’))\in\phi’(D_{0}’G)$ (20)
.
$D’G\cross S^{1}$ $D_{0}’G$ $S^{1}G$ $S^{1}$ :






$\overline{S^{1}G}$ $\overline{S^{1}G}’$ duality :
$\overline{S^{1}G}\cross\overline{S^{1}G}’$
$arrow$ $\overline{\phi G}$ $\simeq$ $S^{1}$ (22)





$\mathcal{A}$ $D^{2}\cross G$ . ( $S^{1}$
$\Sigma$ $G$ $Parrow^{\pi}\Sigma$ .)
$\mathcal{A}$ $DG$ $S^{1}$
$D_{0}G$ .
$f\cdot A=f^{-1}Af+f^{-1}df$ , $f\in DG$ .
moduli space $C=\mathcal{A}/DG$ $\mathcal{B}=\mathcal{A}/D_{0}G$ .
$\mathcal{A}\cross C$ $S^{1}$ $D_{0}G$
$f$ . $(A, z)=(f\cdot A, z\Theta(f, A))$
$\Theta(f, A)=\exp 2\pi i(\frac{1}{8\pi^{2}}\int_{D}tr(dff^{-1}A)+C_{3}(F))$
cocycle condition
$\Theta(g,A)\Theta(f, g\cdot A)=\Theta(gf, A)$
line bundle ( )
$\mathcal{L}=\mathcal{A}\cross C/D_{0}Garrow \mathcal{A}/D_{0}G=\mathcal{B}$ (23)
.
$\bullet 1.1$ $c(f, g),$ $g\in D_{0}G,$ $f\in DG$ ,
$c(f,g)=\Theta(g, f^{-1}df)$ , $f^{-1}df\in \mathcal{A}$
$S^{1}$ $\overline{S^{1}G}$ line bundle $\mathcal{L}$ pure-gauge
.
$\mathcal{L}(\Sigma)$
$\theta_{A}(a)=\frac{i}{4\pi}\int_{D}tr$ A $a$ , $\forall a\in T_{A}\mathcal{A}$.
$\omega_{A}(a, b)=(d\theta)_{A}(a, b)=\frac{i}{2\pi}\sim\int_{D}Tr$ab, $a,$ $b\in T_{A}\mathcal{A}$ (24)
.




$D_{0}G$ symplectic spaoe $(\mathcal{A}, \omega)$ symplectic :
$f^{*}\omega=\omega$ .






$\Phi^{-1}(0)=\{A\in \mathcal{A};F_{A}=0\}=\mathcal{A}^{b}$;space of flat connections. (25)




$DG$ symplectic spaoe $(\mathcal{A}, \omega)$ symplectic , loop
$S^{1}G=DG/D_{0}G$ moduli $\mathcal{B}=\mathcal{A}/D_{0}G$ symplectic .
( moduli $\mathcal{M}^{b}=\mathcal{A}^{b}/D_{0}G$ symplectic
. 4 (3 ) $\mathcal{B}$ $S^{3}G$
symplectic $\mathcal{M}^{b}$ symplectic .)
$S^{1}G$ $\mathcal{B}$ line bundle $\mathcal{L}arrow \mathcal{B}$ .
$\overline{S^{1}G}$ line bundle $\mathcal{L}$ . .
$DG\cross C$ $\mathcal{A}\cross C$
$(g, z)\cdot(A, c)=(g\cdot A$ , exp $( \pi i\int_{D}tr[g^{-1}dgA])zc)$ (26)
. well defined $\mathcal{L}=\mathcal{A}\cross C/D_{0}G$
(descend) . $(f,\exp 2\pi iC_{3}(f\vee 1’))\in\phi(D_{0}G)$
( $f$ , exp $2\pi iC_{3}(f\vee 1’)$ ) $\cdot(A,c)$ $=$ $(f\cdot A,$ $c \exp(2\pi i\int_{D}tr[f^{-1}.dfA]+C_{3}(f\vee 1’)))$
$=$ $(f\cdot A, c\Theta(f\rangle A))\sim(A,c)$ .
$\overline{S^{1}G}arrow S^{1}G$ $arrow \mathcal{B}$ equivariant .




1 3 $0$ - 4 $M$
$S^{3}$ 3












Terasima descent . 1 3
. TABLE
Wess-Zumino-Terashima descent equation .
4.1 descent equations 1
$\Omega^{q}$ $P$ $q$
$V^{q}$ , $\Omega^{q}$ $A\in \mathcal{A}$ .
$\mathcal{G}$ $V^{q}$ $(g\cdot\Phi)(A)=\Phi(g^{-1}\cdot A)$ .
chain degree $P$ differential form degree $q$ double complex
$\alpha^{q}=\alpha(\mathcal{G})V^{q+2})$ ,
. coboundary operator $\delta:C^{p}arrow\alpha+1$
$(\delta P)(g_{1},g_{2}, \cdots g_{p+1})=g_{1}\cdot P(g_{2}, \cdots g_{p+1})+(-1)^{p+1}P(g_{1},g_{2}, \cdots g_{p})$
$+ \sum_{k=1}^{p}(-1)^{k}P(g_{1}, \cdots g_{k-1},g_{k}g_{k+1},g_{k+2}, \cdots)g_{p+1})$ .
differential complex .
1 3
$c^{0,2}=TrF^{2}\in C^{0,2}$ , Zumino’s descent equation of cochains
$\theta^{q}\in C^{p,q},$ $0\leq p,$ $q\leq 2$ :
$dc^{0,1}=c^{0,2}$ , $\delta c^{1,0}=c^{2,0}$ ,
$dc^{1,0}+\delta c^{0,1}$ $=$ $-c^{1,1}$ ,
$dc^{2,0}-\delta c^{1,1}=0$ ,
$P^{q}=0$ , $ifp+q\neq 2,1$ .
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:$c^{0,1}(A)$ $=$ $Tr(AF- \frac{1}{3}A^{3}))$
$c^{1,0}(A;g)$ $=$ $Tr(dgg^{-1}A)$ ,
$c^{1,1}(g)$ $=$ $\frac{1}{3}Tr(dgg^{-1})^{3}$ ,
$c^{2,0}(g_{1},g_{2})$ $=c^{1,0}(g_{1}^{-1}dg_{1};g_{2})$ .
$dc^{2,0}-\delta c^{1,1}=0$ Polyakov-Wiegmann formula [?], $\delta c^{2,0}=0$
loop group $LG$ cocycle condition .
4.2 descent equations 2
4
chain degree $P$ differential form degree $q$ double complex
$\alpha^{q}=\alpha(\mathcal{G}, V^{q+3})$ ,
.
$c^{0,3}=TrF^{3}\in C^{0,3}$ , Zumino’s descent equation of cochains
$\theta^{q}\in C^{p,q},$ $0\leq p,$ $q\leq 3$ :
$dP^{3-p}+(-1)^{p}\delta\theta^{-1,3-p+1}$ $=$ $0$ (28)
$dP^{2-p}+(-1)^{p-1}\delta P^{-1,3-p}$ $=$ $P^{3-p}$’ (29)
$P^{q}=0$ , if$p+q\neq 2,3$
:
$c^{0,2}(A)$ $=$ $Tr(AF^{2}- \frac{1}{2}A^{3}F+\frac{1}{10}A^{5})$ ,
$c^{1,2}(g)$ $=$ $\frac{1}{10}Tr(dg\cdot g^{-1})^{5}$ ,
$c^{1,1}(g;A)$ $=$ $Tr[- \frac{1}{2}V(AF+FA-A^{3})+\frac{1}{4}(VA)^{2}+\frac{1}{2}V^{3}A]$ ,
where $V=dgg^{-1}$ ,
$c^{2,1}(g_{1},g_{2})$ $=c^{1,1}(g_{2};g_{1}^{-1}dg_{1})$ ,
$c^{2,0}(g_{1},g_{2};A)$ $=$ $-Tr[ \frac{1}{2}(dg_{2}g_{2}^{-1})(g_{1}^{-1}dg_{1})(g_{1}^{-1}Ag_{1})-\frac{1}{2}(dg_{2}g_{2}^{-1})(g_{1}^{-1}Ag_{1})(g_{1}^{-1}dg_{1})]$.
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TABLE
[ ($13) $\Rightarrow$ 4
:
$\star$
$S^{1}=U(1)\Rightarrow Map(\mathcal{A}_{3}, U(1))$ .
$\mathcal{A}_{3}$ $S^{3}$
$\star$
$\overline{S^{1}G}=DG\cross U(1)/D_{0}G\Rightarrow\overline{S^{3}G}=DG\cross Map(\mathcal{A}_{3}, U(1))/D_{0}G$
$\star S^{2}\Rightarrow S^{4}$ ,
$\star$ $D=D^{2}$ : 2-disc $\Rightarrow D=D^{4}$ : 4-disc
$\star$
$G=SU(N),$ $N\geq 2\Rightarrow G=SU(N),$ $N\geq 3$
$\star$
Use $\pi_{2}(G)=1,$ $\pi_{3}(G)=Z\Rightarrow Use\pi_{4}(G)=1,$ $\pi_{5}(G)=Z$
$\star$




$D^{2}G/D_{0}^{2}G\simeq S^{1}G\Rightarrow D^{4}G/D_{0}^{4}G\simeq$ { $g\in S^{3}G$;deg $g=0$}
Note that $\pi_{1}(G)=1$ but $\pi_{3}(G)=Z$ .
$\star$
$c(f,g)$ $= \exp\frac{i}{4\pi}\int_{D}tr(dgg^{-1}f^{-1}df)\Rightarrow$
$c(f, g|A)$ $=$ exp $\frac{i}{24\pi^{2}}(\int_{S^{S}}tr[dgg^{-1}f^{-1}dff^{-1}Af-dgg^{-1}f^{-1}Aff^{-1}df]$
$+ \int_{D}tr[(dgg^{-1}(f^{-1}df)^{3}+\frac{1}{2}(dgg^{-1}f^{-1}df)^{2}+(dgg^{-1})^{3}f^{-1}df])$
$\star$
deg $f= \frac{1}{24\pi^{2}}\int_{S^{3}}tr(dff^{-1})^{3}$ $f\in S^{3}G\Rightarrow\deg$ $f= \frac{1}{240\pi^{3}}\int_{S^{5}}tr(dff^{-1})^{5}$ $f\in S^{5}G$
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$\star$
$C_{3}(g)$ $=$ $\frac{1}{24\pi^{2}}\int_{B^{3}}tr(d_{9}g^{-1})^{3}$ , for $g\in S^{2}G$ extended to $B^{3}G$
$\Rightarrow C_{5}(g)$ $=$ $\frac{1}{240\pi^{3}}\int_{B^{6}}tr(dgg^{-1})^{5}$ , for $g\in S^{4}G$ extended to $B^{5}G$
$\star$
$\Theta(f, A)=\exp 2\pi i(\frac{1}{8\pi^{2}}\int_{D}tr(dff^{-1}A)+C_{3}(F))$ $\Rightarrow$
$\Theta(g, A)=\exp 2\pi i(\frac{i}{24\pi^{3}}\int_{S^{3}}tr[-\frac{1}{2}V(AF+FA-A^{3})+\frac{1}{4}(VA)^{2}+\frac{1}{2}V^{3}A]+C_{5}(g))$
$V=dgg^{-1}$ .
$\star$
$\theta_{A}(a)=\frac{i}{4\pi}\int_{D}tr$ A $a$ , $\Rightarrow$ $\theta_{A}(a)=\frac{i}{24\pi^{3}}\int_{M}Tr[(AF+FA-\frac{1}{2}A^{3})a]$
$\star$




$(g, z)\cdot(A, c)$ $=$ $(g\cdot A,$ $cz$ exp $( \pi i\int_{D}tr[g^{-1}dgA]))$ $\Rightarrow$





$M$ cobord compact 4-manifold $M$ 5-manifold $N$
. $\partial N^{5}=M^{4}$ .
$G=SU(n),$ $n\geq 3$ , . $\pi_{4}(G)=0,$ $\pi_{5}(G)=Z$ .
$P$ $G$ $\mathcal{A}(M)$ $P$ irreducible .
$\mathcal{A}(M)\cross \mathcal{G}(M)$ $U(1)$
$\Theta(g,A)$ $=\exp 2\pi i\Gamma(g, A)$




. $c^{1,1}$ TABLE .
$\pi_{4}(G)=0$ $g\in \mathcal{G}(M)$ $N$ . $\pi_{5}(G)=Z$
$\Gamma(g, A)$ 2 $C_{5}(g)$ $mod.Z$ well defined. $\Theta$
well defined.
$\delta c^{0,2}=dc^{1,1}+c^{1,2}$ . $\delta(dc^{1,1}+c^{1,2})=0,$ . $N$
$\Gamma(fg,A)=\Gamma(g, f\cdot A)+\Gamma(f, A)$ , $\forall f,g\in \mathcal{G}(M)$
cocycle condition :
$\Theta(g, A)\Theta(f, g\cdot A)=\Theta(gf, A)$ .
$\mathcal{G}(M)$ $A(M)\cross C$





















$( \delta\theta_{A}(a))(g)=d\Gamma(g,A)(a)=\frac{1}{2\pi i}(\overline{d}\log\Theta(g, A))(a)\sim$ .
:
$(d\theta)_{A}(a,b)\sim$ $=$ $\langle(\partial_{A}\theta)a,b\rangle-\langle(\partial_{A}\theta)b,a\rangle$












5-manifold $N$ 4-manifold $\overline{M}$
$\overline{M}$ $M$ $\overline{M}$ 3 $\partial M$ .
$M$ $SU(n)$ $P$ $\overline{M}$ $\overline{M}\backslash M$ .
$\mathcal{G}_{0}(M)=\{g\in \mathcal{G}(M);g|\partial M=1\}$
1 $P|\partial M$ .
$g\in \mathcal{G}_{0}(M)$ $\overline{M}\backslash M$ 1( $1’$ ), $\overline{M}$
$g\vee 1’$ ..
$\mathcal{A}(\Sigma)\cross \mathcal{G}(\Sigma)$ $U(1)$
$\Gamma_{M}(g;A)$ $=$ $\frac{i}{24\pi^{3}}\int_{M}c^{1,1}(g;A)+C_{5}(g\vee 1’),$ .




$C_{5}(g\vee 1’)$ $\Theta$ well defined.
$f,$ $g\in \mathcal{G}_{0}(\Sigma)$ cocycle condition:
$\Theta(g, A)\Theta(f, g\cdot A)=\Theta(gf, A)$ .
.
$\mathcal{G}_{0}(M)$ $\mathcal{A}(M)\cross C$
$(g, (A,c))arrow(g\cdot A, \Theta_{M}(g, A)c)$ ,
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$\mathcal{B}(M)=A(M)/\mathcal{G}_{0}(M)$ $\Theta$
$\text{ _{}\backslash }$ herlnitian line bundle
$\mathcal{L}(M)=\mathcal{A}(M)\cross C/\mathcal{G}_{0}(M)$ .
.








$(d \theta)_{A}(a,b)=\frac{-i}{8\pi^{3}}\sim\int_{M}Tr[(ab-ba)F]-\frac{-i}{24\pi^{3}}\int_{\partial M}Tr[(ab-ba)A]$ .
$\omega_{A}(a, b)$ $=\omega_{A}^{0}(a, b)+\omega_{A}’(a,b)$ ,
$\omega_{A}^{0}(a,b)$ $= \frac{1}{8\pi^{3}}\int_{M}Tr[(a\wedge b-b\wedge a)\wedge F_{A}]$ ,
$\omega_{A}’(a,b)$ $=$ $- \frac{1}{24\pi^{3}}\int_{\partial M}Tr[(a\wedge b-b\wedge a)\wedge A]$ ,
$\theta_{A}$ $-i\omega_{A}$ .
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$\mathcal{A}(M)$ 2-form $\omega=\omega_{A}(a, b)$ $\mathcal{G}_{0}(M)$ - :
$g^{*}\omega=\omega$ .
( $\mathcal{G}(M)$ - . )
1 $(\mathcal{A},\omega)$ pre-symplecti $c$ space, , $\omega$ $\mathcal{A}$ closed 2-forrn
.
$(d\omega^{0})_{A}(a,b,c)\sim=\partial_{A}(\omega^{0}(a,b))(c)+\partial_{A}(\omega^{0}(b,c))(a)+\partial_{A}(\omega^{0}(c,a))(b)$ ,





$(d \omega^{0})_{A}(a,b, c)=\frac{1}{8\pi^{3}}\sim\int_{M}dTr[(ab-ba)c]=\frac{1}{8\pi^{3}}\int_{\partial M}Tr[(ab-ba)c]$ .
$( \tilde{A}0’)_{A}(a, b,c)=3\partial_{A}(\omega’(a,b))(c)=-\frac{1}{8\pi^{3}}\int_{\partial M}Tr[(ab-ba)c]$ .
$d\omega=0\sim$ .
moment map
$\mathcal{G}_{0}(M)$ $\mathcal{A}(M)A$ Hamiltonian action
$\xi\in Lie(\mathcal{G}(M))=\Omega^{0}$ ( $M$, Lie $G$)
$\Phi^{\xi}(A)==\frac{1}{8\pi^{3}}\int_{M}Tr(F_{A}^{2}\xi)$ .










$\mathcal{G}_{0}(M)$ $\mathcal{A}(M)$ Hamiltonian action moment map
$\Phi$ : $\mathcal{A}(\Sigma)arrow(Lie(\mathcal{G}_{0}(\Sigma)))^{r}$
5.3 $=$
line bundle with connection
$\mathcal{L}(M)arrow \mathcal{B}(M)$
moduli space $\mathcal{M}^{b}(M)$ line bundle with connection







1. $\mathcal{L}^{b}(M)arrow \mathcal{M}^{b}(M)$ .
2. $\overline{M}$ $M$ , moduli space $(\mathcal{M}^{b}(M), \omega^{b})$
hermitian line bundle $\mathcal{L}^{b}(M)arrow \mathcal{M}^{b}(M)$
symPlectic form-i $\omega^{\triangleright}$ $U(1)$ - .








$\Omega_{0}^{3}G=$ { $g\in\Omega^{3}G$;deg $g=0$ }
.
$J$ . Mickelsson $\Omega_{0}^{3}G$ abelian group Map$(\mathcal{A}(S^{3}), U(1))$
, $\mathcal{A}(S^{3})$ $S^{3}$ .
$S^{3}$ oriented disc $D$ .
$DG=Map(D, G)=$ { $f_{i}DB^{a}$ $G$ smooth mapping $f(p_{0})=1$ }
.
$f\in DG$ $S^{3}$ deg $f=0$ ; $f|S^{3}\in\Omega_{0}^{3}G$
.
$D_{0}G=\{f\in DG;f|S^{3}=1\}$ $h\in D_{0}G$ $DG\cross Map(\mathcal{A}(S^{3}), U(1))$
, $(f, \lambda)\in DG\cross Map(\mathcal{A}(S^{3}), U(1))$
$h\cdot(f, \lambda)=(fh, \lambda(\cdot)\Theta_{D}(h, f^{-1}df)$ ,
.
$\overline{\Omega G}=DG\cross Map(\mathcal{A}(S^{3}), U(1))/D_{0}G$.
$(f, \lambda)$ $[f, \lambda]$ . projection $\pi$ : $\overline{\Omega G}arrow\Omega_{0}^{3}G$ $\pi([f, \lambda])=$
$f|S^{3}$ .
$\overline{\Omega G}$
$\Omega_{0}^{3}G$ structure group Map$(\mathcal{A}(S^{3}), U(1))$ .
$\overline{\Omega G}$ Mickelsson 2-cocycle :
$\gamma_{D}(f,g;A)$ $=$ $\frac{i}{24\pi^{3}}\int_{D}(\delta c^{1,1})(f, g;A)$
$\frac{i}{24\pi^{3}}\int_{S^{3}}c^{2,0}(f, g;A)+\frac{i}{24\pi^{3}}\int_{D}c^{2,1}(f,g)$ .
$DGxMap(\mathcal{A}(S^{3}), U(1))$
$(f, \lambda)\bullet(g, \mu)=(fg, \lambda(\cdot)\mu f(\cdot)$ exp $2\pi i\gamma_{D}(f,g;))$ ,
.
$\mu f(A)=\mu((f|S^{3})\cdot A)$ .
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$DG\cross Map(\mathcal{A}(S^{3}), U(1))$ . associative law
$\delta dc^{2,0}=dc^{3,0}=0$ , $\delta c^{2,1}=0$ .
.
$\{(h, \exp 2\pi iC_{5}(h\vee 1’)) h\in D_{0}G\}$
$DG\cross Map(\mathcal{A}(S^{3}), U(1))$ normal subgroup $\overline{\Omega G}=DG\cross Map(\mathcal{A}(S^{3}), U(1))/D_{0}G$
. Map$(\mathcal{A}(S^{3}), U(1))$ $\overline{\Omega G}$ normal subgroup $\overline{\Omega G}$ $\Omega_{0}^{3}G$
MaP$(\mathcal{A}(S^{3}), U(1))$ .
7 $\Omega_{0}^{3}G$
$P=DxG$ : $D$ $G$- . $\mathcal{G}(D)$ $\mathcal{A}(D)$
$\mathcal{B}(D)=\mathcal{A}(D)/\mathcal{G}_{0}(D)$ $\mathcal{G}(D)=DG$ ,
$\mathcal{G}o(D)=D_{0}G,$ $DG/D_{0}G\simeq\Omega^{3}G$ $\Omega_{0}^{3}GB^{t}\mathcal{B}(D)$ .
$\Omega_{0}^{3}G$ {# line bundle $\mathcal{L}(D)$
. $\overline{\Omega G}$ . (3
)
$A\in \mathcal{A}(D)$ $f\in DG$
$\beta_{D}(f, A)=\frac{i}{24\pi^{3}}\int_{D}c^{1,1}(f, A)$ .
.
$DG\cross Map(\mathcal{A}(S^{3}), U(1))$ $\mathcal{A}(D)\cross C$
$(f, \lambda)$ $\bullet$ $(A, c)=(f\cdot A, c\lambda(A|S^{3})$ exp $2\pi i\beta_{D}(f, A))$ .
.
$\gamma_{D}=\delta\beta_{D}$ , $(f, \lambda),$ $(g, \mu)\in DG\cross Map(\mathcal{A}(S^{3}), U(1))$ $(A, c)\in$
$\mathcal{A}(D)\cross C$
$(g, \mu)\bullet((f, \lambda)\bullet(A, c))=((f, \lambda)\bullet(g,\mu))\bullet(A, c)$ ,
well defined.
$h\in D_{0}G$
( $h$ , exp $2\pi iC_{5}(h\vee 1’)$ ) $\bullet$ $(A, c)=(h\cdot A, c\Theta_{D}(h, A))$ .
$D_{0}G$ .
$\overline{\Omega G}=DG\cross Map(\mathcal{A}(S^{3}), U(1))/D_{0}G$ $\mathcal{L}(D)=\mathcal{A}(D)\cross C/D_{0}G$
.
3 $\overline{\Omega G}$ line bundle $\mathcal{L}(D)$ $\Omega_{0}^{3}G$ $\mathcal{B}(D)$
.
flat connections :
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